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Abstract. We study the existence of a common hypercyclic vector for 
different families of composition operators. We also give a continuous 
version of Salas theorem on weighted shifts. 



0. Introduction 

A continuous operator acting on a topological vector space X is called hy- 
percyclic provided there exists a vector x £ X such that its orbit {T n x; n > 
1} is dense in X. Such a vector is called a hypercyclic vector for T. The 
set of hypercyclic vectors will be denoted by HC(T). The first example of 
hypercyclic operator was given by Birkhoff, 1929 ||], who shows that the 
operator of translation by a non-zero complex number is hypercyclic on the 
space of holomorphic functions. For a complete account on hypercyclicity, 
we refer to ||. 

The main focus of our study is the hypercyclic behavior for composition 
operators. Let us denote by ii~ 2 (B) the Hardy space on the unit disk B, and 
by Aut(0) the set of automorphisms of B. For <p in Aut(H)), the hypercyclic- 
ity of the composition operator C v defined on H 2 (J}) by C !fi (f) = f o ip is 
well-understood since the work of Bourdon and Shapiro || : 

Theorem 1. C v is hypercyclic on H 2 (jD>) if, and only if, if has no fixed 
point in B. 



This theorem emphasizes a previous result of Seidel and Walsh jl2|, who 
proved the same theorem for C v acting on the space of holomorphic functions 
on B. 

We will concentrate on the common hypercyclicity of a family of operators. 
Given a family (T\)AeA of hypercyclic operators on X, we ask whether it is 
possible to find a single vector x which is hypercyclic for all T\. Observe 
that if the family is countable, and if X is a F-space, a Baire's categorical 
argument implies that this is always possible : indeed, it turns out that 
HC(T) is either empty or a dense G$ set. For uncountable families, the first 
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positive answer was given by E.Abakumov and J.Gordon O, emphazing a 
theorem of Rolewicz : 

Theorem 2. Let B be the backward shift acting on £ 2 . There exists a com- 
mon hypercyclic vector for the operators \B, A > 1. 

In section 1, we will recall as a theorem the construction made in the 
paper of Abakumov and Gordon. We will deduce a criterion for common 
hypercyclicity of multiples of a single operator, and we will apply this cri- 
terion to adjoints of multipliers. Section 2 is devoted to some positive and 
negative results for the problem of simultaneous hypercyclicity of composi- 
tion operators. In particular, theorem |7| below is a simultaneous version of 
the theorem of Seidel/Walsh. Let us mention that the situation here is more 
complicated than in Birkhoff's theorem, since you have to handle not only 
translations, but also homotheties. Finally, in section 3, we provide some 
remarks and problems. In particular, we give a continuous analog to some 
well-known theorems on weighted shifts. 

Acknowledgements. We thank E.Abakumov and J. Saint- Raymond for 
their help. 

1. Adjoints of multipliers 

1.1. The size of the set of common hypercyclic vectors. We begin 
by the following result, suggested by J.Saint-Raymond (the same was used 
in |, sec. 3.4] : 

Proposition 1. Let X be a F— space, A C C{X) such that A is the count- 
able union of compact sets. Then HC(T) is a G$ set. 

Proof : Define M = {(T, x) G A x X; x £ HC(T)}, and consider (B m ) a 
countable basis of open sets in X. Then : 

M c = {(T,x) G Ax X- x G HC(T)} 

= fl U U T ' x ); T ^e^ m }. 

m>l n>0 

In particular, M c is a Gs set in A x X. Let us write M = Ufc>i-^fc (resp. 
A = U p >i A p ) where each is closed in A x X (resp. each A p is compact). 
If 7r denotes the projection of C{X) x X — » X onto the second coordinate, 
we deduce that : 



tt(M) = 7T MJ F k = |J (J 7r(F fe n {A p x X)). 

\k>l I k>lp>l 
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Each set 7r[F k n (A p x X)) is closed in X since A p is compact and F k is 



.TeA 



, and this gives 



closed. Therefore, ir(M) is F a . Now, ir(M) 

the conclusion. ■ 

The previous proposition does not ensure that p| HC(T) is not empty. 

TeA 

But as soon as this is the case, we should control the size of this set : 

Corollary 1. Let X be a F-space, A C C(X). Assume that : 

1. A is the countable union of compact sets. 

2. f] HC(T) / 0. 

TeA 

3. There exists S G A which commutes with all T G A. 



Then O HC(T) is residual (dense G$). 
TeA 

Proof : Pick x G f] HC(T), and S as in 3. It is straightforward that the 

TeA 

dense set {S k x; k > 1} is contained in P| HC{T). ■ 

TeA 

1.2. Abakumov-Gordon's construction. Our proofs will be construc- 
tive ones. We will need an approximation tool, provided by the paper of 
Abakumov and Gordon : 

Theorem 3. There exists an integer ko > 1, a function j : {n G N; n > 
k()} — > N such that, for any sequence (a;);>i of positive real numbers, there 
exists a sequence (Mfc)fe>/t of positive integers, a sequence (rk)k>k of posi- 
tive real numbers such that : 

i. (Mfc) is increasing, M^+i — — > +oo. 
ii. (rfc) is decreasing, ^y^- — > 0. 

m. For any £ o/N, /or any e > 0, /or any A > 1, /or any K > 0, there exists 
k > K such that : 

j(k) = I and \X Mk r k - a z | < e. 

j is a choice function. This theorem can be seen as an uncountable Baire's 
type theorem. It is trivial that : 

VA > 1, 3(M k ) keN G N, (r k ) keN G R such that {X Mk r k } is dense in R + . 

Theorem ^ says : 

3(A4) fc6N G N, (r fe ) fc6N G R such that VA > 1, {A Mfc r fc } is dense in R + . 
We will also need an additive version of this theorem : 
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Theorem 4. There exists an integer ko > 1, a function j : {n € N; n > 
fco} — >• N ; a sequence (Mk)k>k of positive integers, a sequence (Xk)k>k °f 
real numbers such that : 

1. (Mk) is increasing, Mk+i — M k — > +oo. 
U. is increasing, Xk+i — Xk — ¥ +oo. 

5. For any / in N, /or any e > 0, for any a > 0, for any K > 0, there 
exists k > K such that : 

j(k) = I, and |M^a — Xd < e. 

1.3. A criterion for common hypercyclicity. When one wants to show 
that an operator T is hypercyclic, the most useful tool is the hypercyclic 
criterion formulated first by C.Kitai (see Wi cor. 1.5] for a statement of this 
criterion) . We give here a sufficient condition for the existence of a common 
hypercyclic vector for all multiples of an operator. 

Theorem 5. Let X be a separable Banach space, and T G L(X). Assume 
that : 

a) V = |J n Ker(T n ) is dense in X. 

b) There exists S : V — > X with TS = Idy and \\Sx\\ < \\x\\ for all x in V. 
Then O HC(XT) is dense G$- 

A>1 

Proof : By corollary [l], it is enough to prove that f^\ x>1 HC(XT) is non- 
empty. Fix (vi) a dense sequence in V, and set a\ = \v\\. We define the 
function j and the sequences (Mk) and (r^) as in theorem H[ For k > ko, let 
us set : 

• d k = r k - r k+ i > 0. 

• Wk = Vj(k) if T Mk+1 ~ Mk Vj(k) = 0, Wk = otherwise. 

• Vk = 7T Wk if Wk ^ 0, yk = otherwise. 

\\ w k\\ 

We claim that / = X^m>fc Vm is hypercyclic for each AT, with A > 1. First, 
observe that if m < k, f Mk S Mm w m = T Mk ~ Mm w m = 0, what implies : 



m>k 



< ^ 4 = r k . 



m>k 



Take now e > and I G N. By theorem |3|, there exists k G N such that : 

• j(k) = I, and w k = vi. 

• |A M *r fe - \\vi\\\ < e. 



,e + \\vi\\) < e. 
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Then, 

\\(xn Mh f-vi\ 



< 



< 



\ v l\ 



dk 
\\ v l\\ 
X M *r k 



\ v l\ 



+ 



+ 



m>k 

\ Mk n +1 
\\ v i\\ 



_rjiM k CjM n 



W„ 



\W r , 



+ 



rk+i 



< £ + 2X Mk r k+1 

< e + 2( £ + ||«,||; 
3e. 



) rk+i 



This achieves to prove that / is hypercyclic for AT. ■ 

Hypercyclic operators are strongly connected with the existence of invari- 
ant subspaces. The following corollary illustrates this link : 

Corollary 2. Under the assumptions of theorem^, there exists a dense sub- 
space of X, invariant byT, whose elements, except 0, are hypercyclic vectors 
for XT, with A > 1. 

Proof : Take x in f| A >i HC(XT). Then 

M = {p(T)x; p is a polynomial} 

answers the question : the proof given by P.S. Bourdon in Q works also in 
this setting. ■ 

1.4. Application to adjoints of multipliers. 

Corollary 3. Let tp be an inner function, not a constant, and M v be the as- 
sociated multiplier on H 2 (0) (defined by M v (f) = cpf ). Then H HC{XM*) 



is a residual set. 



A>1 



By choosing (f(z) = z, we retrieve theorem 
Proof : 

a) It is plain that ker (M*)™ = (tp n H 2 ) . Let us recall the following result 
from H p. 34-35] : let E be a normed space, and (E n ) be a sequence of 
subspaces of E. We define : 

lim E n = {x G E; \imdist(x, E n ) = 0}. 



If E = H 2 , and if E n = (9 n H 2 ) L , where 
functions, then we have : 



is a sequence of inner 



Lemma 1. 



lim (OnM 2 ^)) 1 - = H 2 



\fz e B, ]hn6 n (z) = 0. 
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In our context, 9 n = <p n , and (^H 2 ) 1 - C [<p n+l H 2 ) ± . So, limi^H 2 ) 1 C 
|J n ((/7 n i7 2 )" L . Now, since <p is not constant, for each z in D, <^ n (.z) — ► 0, 
and lemma |l| gives 

H 2 (B) c\jKer((M*) n ). 

n 

b) If / E V, and g E F 2 (B), then : 

<g,M*^M tp f> = <M (p g,M ip f> 

= < g, f > since 93 is inner. 
So we can take S" = M v in part b) of theorem |H[ 



2. Composition operators 

2.1. Geometry of the disk. For details on the background material of 
this section, we refer to filf . The automorphisms of D can be classified in 
function of their fixed points : p E Aui(D) is called : 

• parabolic if <p has a single (attractive) fixed point on T = <9B. 

• hyperbolic if 9? has an attractive fixed point on T, and a second one on 
T. 

• elliptic if <p has an attractive fixed point in D. 

We are concerned by parabolic and hyperbolic automorphisms. It is easier 
to describe their action on the right half-plane C+. Denote a : D — > C+, 
a ( z ) = tz§ t ne Cayley map from D onto C+. For ip E j4ut(D) with +1 as 
attractive fixed point, set ip = a o ip o cr _1 . Then : 

• i/j(z) = z + ia where a £ R, a 7^ 0, if (p is parabolic (a parabolic 
automorphism of D is conjugated to a translation). 

• ^(-z) = — ib) + ib, where A > 1 and b E R, if y is hyperbolic (a 
hyperbolic automorphism of D is conjugated to a positive dilatation). 

2.2. Main statements. In view of theorem [[], it comes a natural question : 

Does there exist a common hypercyclic vector for all composition 
operators on H 2 (B>), where tp E Aut(3) has no fixed point in 

D? 

Here, you can play with two parameters : you can choose the attractive 
fixed point, and its attractivity (the scalars A, a and b of the previous para- 
graph). The following result shows that it is impossible to have a wide set 
of attractive fixed points : 

Theorem 6. Let A C Aut(0) such that, for any ip in A, ip has no fixed 
point in D. Moreover, suppose that : 

B = {uj E T; Bp E A such that to is the attractive fixed point of ip} 
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has positive Lebesgue measure. Then O^^HC^C^) = 0. 

Here, dp is considered as a composition operator on if 2 (ID). 
Proof : The theorem is a direct consequence of the following lemma, since a 
function of H 2 (0) admits angular limits almost everywhere on the boundary. 

Lemma 2. Suppose that ip £ Aut(B), and that to £ T is the attractive fixed 
point of if. If f £ H 2 (D) is a hypercyclic vector for C v , then f has no 
angular limit at cj. 

Proof : We denote p> n = ip o • • • o ip (n times). By Denjoy- Wolff's theorem, 
((/j n (0)) converges nontangentially to to. Now, evaluation at is continuous 
on H 2 (0), and by hypercyclicity of /, there exist integers m and n, as large 
as possible, such that : 

|/ o <p m (0) - 0| < 1/4 and |/ o <p n (p) - 1| < 1/4. 

In particular, / does not admit any nontangential limit at w. ■ 



So, essentially we have to fix the attractive fixed point, say +1, and the 
question becomes : 

Does there exist a common hypercyclic vector for all composition 
operators on H 2 (\n>), where ip £ Aut(D) has +1 as attractive 
fixed point? 

We are not able to give a positive or a negative answer to this question. But 
if we relax the hypothesis, this will be the case. On the one hand, we can 
forget the growth condition : if <p £ Aut(B), is a composition operator 
on H(D), the F— space of holomorphic functions on B. Since the theorem 
of Seidel/Walsh, we know that such a composition operator is hypercyclic. 
Under these assumptions, there exists a common hypercyclic vector : 

Theorem 7. Let uj € T. There exists a common hypercyclic vector for all 
composition operators C v acting on H(D), where ip £ Aui(B) admits uj as 
attractive fixed point. Moreover, the set of common hypercyclic vectors is a 
residual set. 

On the other hand, we can ignore the regularity condition : by results 



of Nordgren [1C], C v is also a composition operator on L 2 (T). An applica- 



tion of Kitai's criterion should prove its hypercyclicity. We directly prove a 
simultaneous hypercyclicity theorem : 

Theorem 8. Let to £ T. There exists a common hypercyclic vector for all 
composition operators acting on L 2 (T), where ip £ Aut(B>) admits u> as 
attractive fixed point. Moreover, the set of common hypercyclic vectors is a 
residual set. 

The remaining part of this section is devoted to the proof of the previous 
theorems. We will assume that u> = +1. 
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2.3. Proof of the holomorphic case. We take the model of the half-plane. 

Define T a and Sx^ by : 

T a (f)(z)=f(z + ia) 

S Xib (f)(z) = f(\(z-ib) + ib). 

It suffices to show that Ha^o HC(T a ) and Ha>i 6eM HC(S\fi) are dense G$- 
Till the end of this section, we fix (5 k), < 5 k < la sequence which converges 
to 0, and (Pi) a sequence in H(C + ) such that, for any fj, > 1 and any t£K, 
(Pi(jjLZ — hit)) is dense in H(C + ) (for example, (Pi) could be the sequence 
of polynomials with coefficients in Q). We handle separately the parabolic 
and the hyperbolic case. 

2.3.1. Parabolic automorphisms. By corollary [l], it is enough to prove by 
instance that f] a>0 HC(T a ) is not empty. We fix sequences (M k ) and (X k ) 
as in theorem |j. For k > ko + 1, let us set : 

r> • I Xk + 1 — Xk Xk — Xk- 

Kh = mm 



We build by induction rectangles C k , D k and T^, for k > ko + 1, beginning 
by the initialization T ko = {(1,0)}. For k > ko + 1, fix the square whose 
center is (R k /2,0), whose side has length R k — 5 k . Observe that, for any 
compact K of C+, for k large enough, K C C k . Consider D k = C k + iX k . 
The squares (D k ) are disjoint. Moreover, there exists a rectangle which 
contains T k _i, D k , but which has empty intersection with D k+ \. 

We then define a sequence (~n k ) k > kQ of polynomials, by setting 7r ko (z) = 1. 
Next, for > fco, Runge's theorem gives a polynomial ir k satisfying : 

a) \ir k (z) - P(z - iX k )\ < if z £ D k and j(k) = I. 

b) |7r fc (z)-7r fc _i(a!)| < i if z € T, 



fe-i- 



The sequence (71"*.) converges uniformly on each compact subset of C + . Let 
us denote by / its limit. Observe that, for each z £ T k , we have : 

\f(z) - ir k (z)\ < \ir k (z) - n k+ i(z)\ + |vr fc+ i(z) - 7r k+2 (z)\ H < p. 

We claim that / is hypercyclic for each T a , with a > 0. Indeed, fix Z £ N, K 
a compact subset of C+, and 77 > such that Ki = K + -B(0, 77) C C+. Let 
< 5 < 77 with : 

z u z 2 eK 1 A |zi-2&|<<$ => |P*(zi) -Pl(z 2 )\ < e. 
There exists an integer k such that : 

• j(k) = I, < e, and #1 C C k . 

• \aM k - X k \ < 5. 
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Then, for z G K , z + iM^a — iXf. G i^i C Cf., and therefore z + iM^a G -D/%. 
This implies that : 

|[T a (/)] M *(z)-fK*)| < £ + Mz + *M fe a)-P^)l 

< 2e + |fJ(z + *M Jfe o-iX , Jfc )-fl(z)| 

< 3e. 

2.3.2. Hyperbolic automorphisms. Here, dilatations do not commute, and 
we need to prove that (~] Xb HC(S\ t b) is dense. First, apply theorem |3] with 
the sequence (ai) identically one, to obtain sequences (Mfe) and (r&). For 
k > ko + 1, we set : 



R k = 5 k min 



'r fe _i -. /ffe+i 



+ 1 J^ + l 



We always fix Tk = {(1, 0)}, and for k > ko, we consider Cfc the hyperbolic 
disk whose center is (1,0) and whose radius is Rk ■ 

( \z — l\ 

C k = izeC+; < R k 

[ \ Z + M 

Let Dk be the image of Ck by the homothety of center 0, of ratio — . (Dk) are 
disjoint sets, and by construction there exists a rectangle Tk which contains 
Tk-i and Dk, but whose intersection with Dk+i is empty (see figure [l]). 
Finally, we set nk (z) = 1, and if k > ko, I = j{k), Runge's theorem gives us 
a polynomial irk which satisfies : 

a) \iTk(z) - Pi{r k z)\ < jj: if z G D k . 

b ) kfe^) - K k -i(z)\ < if z G r fe _i. 

As previously, (7Tfc) converges uniformly on each compact of C+ to a function 
/, with 

\f(z)-7T k (z)\ < 1- if zeT k . 

For fj, > 1, we claim that (7(2;) = /(/uz) is hypercyclic for each SA,bi A > 1, 
6 G M. Indeed, fix I G N, e > 0, K a compact of C + and 7/ > such that 
K 1 = K + B(0, 7]) C C+. Let < 5 < rj with : 

z\, Z2 G i^i A |zi — Z2I < o~ \Pi(/jzi — /jib) — Pi{[iZ2 — [iib)\ < e. 

By theorem [3], there exists an integer k with : 

• j(k) = I and ^ < e. 

• LiX Mk r k (K - ib) + ^r fc i& C C fc . 

• By letting M such that z <E K |z| < M, then : 

H\\ M «r k -l\{M + \b\)+nr k \b\ <5. 
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Figure 1. The hyperbolic construction 



Then, if z G K, fi\ Mk (z - ib) + {lib € D k C F k , and so : 

\[Sx, b (g)] Mk (z) - PKjjlz - tiib)\ = \f(»\ M *(z-ib)+IJ,ib)-Pl(lJLZ-IJ,ib)\ 

< e + \n k (ix\ Mk (z - ib) + fiib) - Pi(fiz - nib) \ 

< 2e + \Pt{fi\ Mk r k (z - ib) + iir k ib) - P^z - 

< 3e, 

where the last inequality comes from : 

\/j,\ Mk r k (z - ib) + nr k ib- \iz- \ab\ < n \ \ Mk r k - l| (\z\ + \b\) + fir k \b\ 

< 5. 

Therefore, {f(fJ,z); n > 1} C r\x>i,beM. HC ( S x,b): and{/(^z); fj, > 1} is dense 
in H(C+) since for example / is hypercyclic for ,52,0- 
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2.4. Proof of the L 2 — case. Let Aj be the probability measure on R defined 
by dXi(t) = 7r _1 (l + t 2 )~ 1 dt (A, is the image of the Lebesgue measure on T 
by a). Notice that / G L 2 (T) ^=> f o er -1 G L 2 (M, -iAi), and that : 

|/oa- 1 (it)| 2 dA i (t) = - / \f(e ie )\ 2 d9. 



-00 ^-/-TT 

Let us change the notations to avoid the integration on iR. For A > 1, a G R 
(a ^ 0) and 5 G 1, we now set : 

T a (f)(x)=f(x + a) 

S Xjb (f)(x) = f(\(x-b) + b). 
We prove the slightly more precise result : 

Theorem 9. Let p > 1, a > 1/2, and consider T a and S\b as operators on 

' Then l^a^o HC ( T a) and riA>l,6eK HC ( S X,b) are dense G s 

in LP (r, •jxffrp) ■ 

The case p = 2 and a = 1 corresponds exactly to theorem ||. The following 
lemma will be useful for our purpose : 

Lemma 3. Let (vk)k>i be a non- decreasing sequence of positive numbers, 
which tends to +oo. Then there exists a non- decreasing sequence {uk)k>\ of 
positive numbers, which tends to +oo, and such that : 

a ) z^p <+0 °- 

k>l 

b) ^^±^>o. 

v k 

c) > o > 0. 

Proof : For k > 1, we set u' k = inf(fc, U[ fc / 2 ] > w [fc/2]+i> • • • , v k), and u k = 
inii>ku'i- Assertions a) and b) are trivial. For c) : 



0. 



^ — a l^m \ — ^ 1 C 



2.4.1. Parabolic automorphisms. First, we prove that f] a>0 HC(T a ) is not 
empty (and therefore is a dense Gs) for a = 2. We set d/i = Tj^fzwj an d C > 

is a constant such that, for x > 0, du < — We consider sequences 

(Mfc), (X^) as in theorem In particular, we will assume that > /c. For 
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k > Zcq, let us define = inf 



Xfe+1 ~ Xfc , Xfc ~ 2 Xfc " 1 , Without lost 



of generality, we can always assume that (R k ) is increasing. Next, (u k ) is 
defined by applying lemma || to the sequence (v k ) with Vk = Rk — 2. (/;) is 
a dense sequence in LP (M, cZ/x) of compactly supported bounded functions, 
with ||/j[||oo < For k > Icq and Z = j(Zc), let us set : 

* Wk = fi if supp /; C [—R k ;R k ], and = otherwise. 

• h k (x) = w k {x — X k ) : (h k ) have mutually disjoint supports. 

Finally we define / = ^2 k>ko First °f all, / ^ L p (H,d/i). Indeed, 



f+oo o3 ? 

£ < E / W x " Xfc )l P ^ < ^ E < +°°- 

,~~:.JX k /2 ~_ A: 



k>ko ' 



3 



We claim that / is hypercyclic for T a , with a > 0. Indeed, let I € N, e > 
and < 5 < 1 whose value will be precised later. There exists k > Zco, as 
large as necessary, such that : 

• j(k) = I and supp fi C [-R k ,R k ]. 

• |M fe a-X fe | <<5. 

• For m > k, X m+ i — X m > 1. 

Then, 

K 4 / - fi\\ P ^ W T « kh * - fi\\ P + II E r « M *MI P + II E ^Mlp- 

Now, 

1. \\Tf k h k -fi\\ p = \\T Mh a-x k fi — fi\\p < £ as soon as 5 is small enough. 
2. 



Observe that : 
We deduce that : 



< 



< 



£ 

m>k 
m>k 



+oo 



\h m (x + M k a)\ p dfi 



X m — Rm — M k a 



[X m — X k — R m — 1 



,3" 



x, 



m-1 H H X fc+1 - X fc > 2i? m + m-k-l. 



E 



m>k 



< 



m>k 



{{m-k) + R rt 



\3 " 



and this last quantity is smaller than e if Zc is large enough. 
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3. 



TM k a,h r , 

m<k 



P [—M k a+X m +R m 

m< ^k Mfra+Xm,— Rm 

^ Uk 

< C— -3 (disjoint supports) 

{M k a - Jik-i - -rLfc-iJ 

< C ^ 

" (X k - X k -i - R k -i - l) 3 

r , Uk k^+00 _ 



It remains to prove the case We use a classical lemma (see [13, pill 

"The hypercyclic comparison principle"]) slightly modified, whose proof is 
straightforward : 

Lemma 4. Let X <ZY be topological vector spaces, {^>\)x<^\ be a family of 
continuous operators on X and Y . Assume that : 

1. The inclusion is continuous. 

2. X is dense in Y . 

3. f £ X is a common hypercyclic vector for the family (ip\)\£\, consid- 
ered as operators on X . 

Then f is a common hypercyclic vector for the family ((/Ja)a6A, considered 
as operators on Y . 



If 1/2 < a < 2, set e = a - 1/2. If / G IP (R, (1 ,1„ , Holder's inequality 



So, if a > 2, we apply the lemma with : 

dt 

gives : 

( [ \f\ p dt \ 1/p / r m 2p \ 1/2p 

UR(l + i 2 ) 1/4+3e/4 (l + i 2 ) 1/4+£/ V " UR(l + i 2 ) 1/2+3e/2 J 
Repeated applications of this inequality show that 

3q > 1, 3/3 > 2 such that L q ( R, - %r~ ) C L p ( 



and the lemma works. 



2.4.2. Hyperbolic automorphisms. We just prove the case a = 2. First, apply 
theorem H| with the sequence (ai) identically one, to obtain sequences (M^) 
and (r/j). A variant of lemma || gives a nondecreasing sequence (itfc), tending 
to +oo, and such that : 
x ST u k 

a ) p < +°°- 

fc>fco 
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b ) U ^ 



0. 



u. 



c) For all b G R, ^ 

m>fc (^rn-k^Kl _ rfc 5 + 5 



0. 



We fix (//) a sequence of continuous functions, with supp // C 



u 



V' 



, WflW^o < and such that, for any y in R, for any [i>l, (fi(f^x + 



is dense in IP (R, d//) . For k > fco , let us set : 



• h = 



intervals. 



, and Jfc = —I k '■ (Ik) and (J k ) are disjoint 



• x eI k UJ k => f(x) = fj( k )(rkx). If x is outside Ufe 4 U J k , f(x) = 0. 
Then /a p (R, d/i) : indeed, 

r+oo r+oo 



k > k y/r k r k -l 

k>ko 



1 



; +cx) 



< +oo. 



Fix A > 1, b G R. We now prove that / is hypercyclic for S\ t b- Let / £ N, 
e > 0, and < (5 < 1/2 whose precise value will be determined later. There 
exists k > ko such that : 

• m = i. 

• \\ Mk r k -l\<5. 



• For m> k, 



r m -i 



> 2. 



Then, 



/+oo 
\S}${f)(x)-M*-b)rdp< 
-oo 

£ / |/, (m) (A M ^ m (x-fe)+r m 6)-/ i (x-6)f^ 
^r k J\ M k(x-b)+beim 



+ 



J\ M k 



(x-b)+bGl k 



\fl(X Mk r k (x -b)+ r k b) - f t (x - bfdfi 



+ V / |/, (m) (A Mfc r m (x-6)+r m 6)-/ i (x-6)| P d / u 
^ k J \ M Hx-b)+bei m 

+S[ + S' 2 + S' 3 
< S 1 + S 2 + S 3 + S' 1 + S' 2 + S' 3 , 

where S', is the same as Si, replacing I m by J m . Now, 
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1. 5i < 2*>u k n ( |J 

\m</ 



u- 



<fe 
6 



+ bc 



m<k 

we obtain that 



+ b . Since 



-,b + 



b 



Si < 2P Uk 



rk 



For large enough, | jS'i j < e. 

2. We have \\ Mk r k (x — b) + r^ft — (x — 6)| < <5|x — b\ + By uniform 
continuity of //, if 5 is small enough, and k is large enough, IS2I < e. 

3. We have : 



S3 < 



2 P ^ Um ^ 

m>k 
m>k 



A Mfe 



+ 6 



y^m^m — 1 



< 



< 

m>k [ 2 m— / 

where this last inequality comes from : 

rk I r k jr m -i 

x • • • x W x 



r k b + b 



>k l 2 m-k jp^_ rkb + b 



I'm—I 



r k 
r k -i 



For k large enough, S3 is smaller than e. 

S^ can be treated by the same method as Si : / is hypercyclic for S\,b- Now, 
as in the holomorphic case, it is not difficult to prove that in fact, for each 
fJ- > 1, g{x) = f(fJ-x) is hypercyclic for all Sx,b : this achieves to prove that 
the set of common hypercyclic vectors is dense! 



3. Final remarks 

3.1. Our interest on hypercyclicity originates from the following question : 
in |H], J.Gordon and H.Hedenmalm characterized the composition opera- 
tors on the Hilbert space of square summable Dirichlet series TC = {/(s) = 
Sn>i a n n ~ S ' \\f\\ 2 := Yl \ a n\ 2 < +°o}. In , we began a comparison be- 
tween the properties of the operator and of its symbol <fi. Pursuing this 
project, we wanted to determinate the hypercyclic composition operators on 
TC. The answer is very simple : 

Theorem 10. No composition operator on TC is hypercyclic. 
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Proof : Let C<$> be such a composition operator, induced by (j)(s) = cqs + 
<p(s), Co being an integer, and <p a Dirichlet series. If Co = 1, C$ is a 
contraction, and therefore is never hypercyclic. If cq = 0, by [§, lemma 11], 
02 (C+) C C 1/2+e . Now, take / in H 2 . Then : 

|/o0 n (+oo)| 2 < ||/|| 2 C(2^ n (+oo)) < ||/|| 2 max(C(l + 2e),C(2^(+oo))). 
In particular, [c^{f)\ cannot be dense in H. ■ 

3.2. In 0, G.Godefroy and H. Shapiro proved that if (p is a holomorphic 
bounded function on D, then M* is hypercyclic on ff 2 (ID) if and only if 
93(D) n T 7^ 0. In view of corollary ||, we ask whether there exists a common 
hypercyclic vector for all XM V *, where \ip(D) nT^0. 

3.3. In view of theorem |9], one may study the weights uj on R for which 
the translation operator Tf(x) = f(x + 1) and the homothety operator 
Sf(x) = f(2x) are hypercyclic on L 1 (R,a;). 

Definition 1. A positive continuois bounded function uj on R is called a 
weight admisible for translation provided there exists C > such that, for 
all a G R, 

ra+l 

u)(x)dx < C / w(x)dx. 

'a— 1 Jo 

It is called admissible for homothety if there exists C > such that, for each 
x, y £ R with < x < y or x < y < 0, 

ry/2 f-y 

u>(x)dx < C / ui{x)dx. 

lx/2 Jx 

If w is admissible for translation (resp. admissible for homothety), the 
translation operator T (resp. the homothety operator S) is continuous on 
L 1 (R, uj). 

Theorem 11. Let uj be a continuous bounded positive function on R. 

a) If uj is admissible for translation, T is hypercyclic on L 1 (R, uj) if, and 
only if, there exists (n^k^N & sequence of integers such that : 

n-k+q fe^+oo (— n k+q fc-»+oo 
ui{x)dx — — > and / u>(x)dx — > 

>n k -q J-n k -q 

for each q > 0. 

b) If uj is admissible for homothety, S is hypercyclic on L 1 (R,u;) if, and only 
if, there exists (nk)k£N a sequence of integers such that : 

2 n kb r-2 n ka 

uj(x)dx ~* °°> and / uj(x)dx — °°> 

2 n ka J-2 n kb 

for each < a < b. 
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This statement is the continuous version of Salas theorem [11| on weighted 
shifts. 
Proof : 

a) The condition is sufficient : we apply the hypercyclic criterion. Let 
(Pj) be a dense sequence in of bounded functions compactly 

supported. If suppPj C [— q, q], then : 

/-n k +q 
\P j {x + n k )\uj{x)dx 
-n k -q 

< ||Pj||oo / uj(x)dx fc ~ >+00 > 

J -nk-q 

Take Af(x) = f(x — 1). A is a (possibly unbounded) right inverse of T. 
It is straightforward that ||^4 n *ij|| fc ~* +00 ) q 

The condition is necessary : By a diagonal argument, it suffices to 
prove that, for all e > 0, for all q > 0, there exists N arbitrarily large 
such that 

-N+q r-N+q 

u[x)dx < e and / u(x)dx < e. 

'N-q J-N-q 

We set A\ = infr_ gjg i u>, A^ = sup K o;. Since the set of hypercyclic vectors 
for T is dense, there is a hypercyclic vector / e lo) such that : 

(1) U/-lH.]ll<^ 

We can also find N arbitrarily large, N > 2q, such that : 



(2) \\ TN f-\-*d< £ ^ 2 



Since iV > 2q, inequality ([[]) implies 

+q 

\f(x)\uj(x)dx < 



N-q 2 



whereas inequality (0) gives : 



9 \f( x + N)-l\u(x)dx< ^±, 

-q 



N+q £ 



which in turn proves : 

N+q 

\f(x) - l\u)(x)dx < ^. 

N-q 1 

Thus 

-N+q 



uj{x)dx < e. 

lN-q 

We proceed with the same method for the other inequality. 
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b) We prove that the condition is sufficient by using another time Kitai's 
criterion, now with continuous functions whose supports are contained in 
intervals like [—A, —5] U [5, A], with < 5 < A. For the necessity, we fix 
< a < b, and A\ = infuj,] to, A2 = sup K a;. There exists / 6 L (R, to) 
and N arbitrarily large (in particular, 2 N a > b) with : 

( 3 ) ||/ - l[o,b]|| < 2J-- 



12 



A r , II < g^l 
0,6] || - 2A 



( 4 ) P /-l[o,6l|| < 

As previously, (H) gives : 



and (13) implies : 



2^6 £ 
\f(x)\uj{x)dx < -. 

2 N a 2 



f 2Nb e 
/ 1/0*0 - l\u(x)dx < -. 

J2 N a 2 



This in turn implies 



2 N b 

u>(x)dx < e. 

2 N a 



Example : For the weight uj{x) = - — : — the translation operator T is 
hypercyclic, whereas the homothety operator S is not. 
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